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Control-Augmented Structural Synthesis
with Dynamic Stability Constraints

H. L. Thomas* and L. A. Schmit Jr.t
University of California, Los Angeles, Los Angeles, California 90024

Dynamic stability constraints are included in a computer program that simultaneously synthesizes a structure
and its control system. Two measures of stability — the real part of the system complex eigenvalues and the
damping ratio — are examined. The procedure for calculating the sensitivities of the two measures of stability to
changes in the structure and its control system is explained. The sensitivities are used to formulate an approxi-
mate optimization problem that is solved at each design iteration. The effects of structural damping and
noncollocated controllers on the synthesis process are discussed.

Introduction

ARGE space structures, which will be very flexible due to

low weight requirements, will need some type of active
control system to suppress vibration and to maintain stringent
shape specifications.!"? Vibrations and shape variations can be
induced by positioning maneuvers, motion of mass within the
structure, thermal gradients, and docking procedures. Strin-
gent shape specifications are required to maintain pointing
accuracy of optical and radar equipment. Because of their size
and flexibility, large space structures will have vibrations with
low frequencies and long decay times. Because of the low
frequencies of vibration, the structural and control system
dynamics may interact. This work is an extension of the con-
trol-augmented structural synthesis capability reported in
Refs. 3 and 4 to include noncollocated controllers and dynamic
stability constraints. A description of a general controller and
the stability constraints is given. Numerical examples are pre-
sented to show the effect of the stability constraints on the
design optimization.

Background

The usual approach to structure-control system synthesis is
first to design the structure, with constraints on weight, static
and dynamic displacements and stresses, and open-loop eigen-
values (natural frequencies), and then to design a control sys-
tem for this structure, with constraints on the closed-loop
eigenvalues (poles), dynamic response, and control force. If
the constraints on the control system design cannot be met, the
structure is redesigned and another pass is made at the control
system design. Typically this iterative cycling occurs because
the structure is designed for low weight and therefore, is very
flexible. Because of this flexibility, excessive control force is
needed. Changes in the structural design can also lead to ben-
eficial changes in the closed-loop eigenvalues, especially if
some type of inherent or passive structural damping is present.
Structural modifications also lead to changes in the control
system, especially if linear optimal control theory is used for
the control system design. Because of the iterative nature of
this approach to structure-control system design, with two sets
of objective functions and constraints, convergence to a final
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design may be slow. Simultaneous synthesis of the structure-
control system overcomes the problem of the sequential itera-
tive approach because there is one set of constraints and the
interaction of structural and control system dynamics is taken
into account.

There are three main approaches taken to the simultaneous
structure-control system design problem. The difference be-
tween these approaches is in how the control system gains and
forces are determined. In the first approach, an objective func-
tion that is a weighted sum of the structural mass and the
control system quadratic performance index is minimized for
a structure-control system that is subjected to a specified tran-
sient load or that must complete a transient maneuver in a
specified finite time.>% The solution to this problem involves
numerically integrating a system of coupled nonlinear equa-
tions to find the optimal structure and control system forces.
These control forces are then applied to the structure in an
open-loop manner. The drawback to this approach is that
specific response constraints cannot be easily applied to the
structure or the control system.

In the second approach, the control system gain design vari-
ables are dependent on the structural design variables, and
they are determined by the solution of the Riccati equation.
This is the approach taken in Refs. 7-15. In Refs. 7-13, the
objective function is the structural mass and/or quadratic per-
formance index. Constraints are placed on open- and closed-
loop eigenvalues and/or structural mass. In Refs. 11-13, the
performance index is not included in the objective function,
and therefore the optimization process does not try to change
the structural variables to lower the performance index. It
should also be noted that the calculation of sensitivities of the
closed-loop eigenvalues with respect to the structural design
variables, which are needed for efficient optimization, is quite
costly since the Riccati equation must be solved many times.
This is because of the dependent nature of the control system
gains. Also in Refs. 7-13, no external loads are applied so no
actual displacements or forces are constrained or minimized.
In Ref. 14, the performance index and mass are minimized
sequentially for a structure undergoing a transient rest-to-rest
maneuver. In Ref. 15, the objective function is an unknown
but bounded disturbance to be maximized with constraints on
displacements and actuator forces.

In the first two approaches, the quadratic performance in-
dex is minimized. This expression contains two weighting ma-
trices that must be specified by the user. A different ‘‘optimal’’
design will be generated with different weighting matrices. The
components of these weighting matrices can even be used as
design variables.!>!3 The matrices cannot be generated so that
the structure-control system will meet force and displacement
constraints under external applied loads without some a priori
knowledge of the final design. One practical approach is to
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form the weighting matrices so that the performance index
represents the total energy of the system (see for example
Ref. 9).

The third approach to structure-control system synthesis is
truly integrated because structural design variables and control
gains are simultaneously treated as independent design vari-
ables.!2° In Ref. 15, a bounded but unknown input force is
maximized with constraints on displacements and actuator
forces. In Refs. 16-18, the objective function to be minimized
is the sum of the gains or norm of the gain matrix. Constraints
are placed on open- and/or closed-loop eigenvalues. This
choice of objective function is convenient but not practical as
low gains do not necessarily lead to low control forces. In Ref.
19, the structural mass is minimized, and constraints are
placed on the closed-loop eigenvalues. There are no con-
straints on structural responses in this work. In Ref. 20, a
weighted sum of the structural mass and control force is min-
imized with constraints on displacements and the real part of
the closed-loop eigenvalues for a structure subjected to a dis-
tributed white noise force.

In the work reported here, the third approach is adopted and
both structural sizing and control system gains are treated as
strictly independent design variables. Two alternative objec-
tive functions are considered, namely minimization of mass or
minimization of total control force. The mix of response mea-
sures that can be constrained includes closed-loop eigenvalues
and damping ratios, harmonic dynamic displacements and ro-
tations, controller forces, and undamped natural frequencies.
Upper limits on total control force and/or structural mass can
also be imposed. The integral structure-control system design
optimization problem is formulated as a nonlinear program-
ming problem in a design space that spans the structural sizing
variables as well as the control system gains, and all of the
constraints are treated simultaneously.

Noncollocated Control System

It is desirable to have the option to use noncollocated sen-
sor-actuator pairs because it gives the control system designer
more flexibility. Noncollocation may often have to be used
because of physical placement or hardware limitations. It may
be necessary to place a sensor in a location that gives good data
but is not a feasible location for an actuator. An example of an
application of this general type of control system is a controller
that reduces vibrations of the first mode of a cantilever beam.
It is desirable to place the sensor at the tip where the largest
displacement and velocity cccur. However, the actuator may
have to be attached near the root of the beam. It may also be
desirable to sense at a translational degree of freedom and
input a moment at a rotational degree of freedom or vice
versa.

Since general controller schemes can lead to system designs
that are dynamically unstable, stability constraints must be
used during the optimization procedure. This requires the
computation of the closed-loop complex eigenvalues. The
more general control system scheme also leads to nonsymmet-
ric augmented system stiffness and viscous damping matrices.
The augmented system stiffness matrix [K 4] is the sum of the
system stiffness matrix [K] and the position gain matrix [H,].
The augmented system viscous damping matrix [C4] is the
sum of the system viscous damping matrix [C] and the velocity
gain matrix [H,]. The lack of symmetry in the [K,] and [C,]
matrices leads to different sets of right- and left-side eigenvec-
tors, and both sets must be calculated to carry out the eigen-
value sensitivity analysis.

Implementation of Noncollocated Controllers

In this paper a controller is defined to act in the global
coordinate system with the gains assembled directly into the
augmented stiffness and viscous damping matrices. A single,
but separate, gain value is assembled into each of the aug-
mented matrices. This value is added to the row of the actuator
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degree of freedom in the column of the sensor degree of free-
dom. The value that is added is positive. This choice of sign
convention is logical for the case where the forcing and sensing
are done on the same translational degree of freedom because
it gives the same result as a constrained axial control element.
In other cases involving sensing a displacement or rotation at
one degree of freedom and applying a force or moment at
another, the definition of positive gain is less physical, and it
simply becomes a sign convention.

Dynamic Stability Constraints

Two measures of dynamic stability are the real part of the
complex eigenvalue ¢ and the damping ratio £. The complex
eigenvalue A is shown in Eq. (1). The imaginary part w, is the
damped frequency. The damping ratio is defined to be the
negative of the normalized real part of the complex eigenvalue,
[Eq. )1:

A=o+iwy 1)
-0

= —— 2

RN @

A system is dynamically stable when, for each mode, the real
parts of the complex eigenvalues are negative and hence the
damping ratios are positive for each mode. The stability of the
higher modes may not be of interest since these modes are
difficult to excite and often have low amplitudes. The real part
of the complex eigenvalue is the exponential decay constant of
the amplitude of vibration in the time domain while the damp-
ing ratio is the exponential decay constant of the amplitude of
vibration from one cycle to the next (proportional to the loga-
rithmic decrement for small damping). If the damping ratio is
constrained to be greater than some fixed value, then the
higher frequency modes will have real parts that are more
negative than those of the lower frequency modes. Conversely,
if all of the real parts of the complex eigenvalues are con-
strained to be less than some fixed value, then the higher
frequency modes will have smaller damping ratios than the
lower frequency modes.

If all of the damping ratios of interest are constrained to be
above the same lower bound, then the higher frequency modes
will tend to be more critical. It makes physical sense to con-
strain different modes with different damping ratios, assigning
lower allowable damping ratio values to higher modes.

It is useful to include structural damping in the complex
eigenvalue analysis since it tends to make the higher frequency
modes have greater negative real parts. This makes sense phys-
ically since real structures show more inherent damping at
higher frequencies.

Calculation of Complex Eigenvalues and Sensitivities
The equation of motion for an unloaded system is

[M1Gii} + [Cal{i} + (IKal+ivIK]) {u} = (0} 3)

The nonsymmetric matrix [K4] is the augmented stiffness ma-

trix. The nonsymmetric matrix {C,] is the augmented viscous

damping matrix. The factor iy[K] represents the structural
damping of the system. By defining the state space variables as

(q) = {“} @
73

Eq. (3) can be rewritten as

0 My, —[M] [0]
={0] (5
[[M} [CAI]{"“[ [0] ([KA1+,'7[K])]{‘I} 0} ®
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By defining

= [[581]] [[ZIJ] ©
and
(1= [_[g;ﬂ (1K) E? 1‘7{K1)] @
Eq. (5) can be rewritten as
IM*1{g} + [K*]{q} = {0} ®)
If harmonic solutions of the form
q=1{¢)e ©)
are assumed, then Eq. (8) becomes
(NIM*]+[K*]) {$}r = {0} (10)
for the right-hand eigenvectors and
{0} (NIM*}+[K*]) = {0)7 (an

for the left-hand eigenvectors. The eigenvectors are normal-
ized so that

{¢}[[M*](d)r =1 12)

To facilitate efficient optimization, a first-order sensitivity
analysis of the two measures of stability is needed. These sen-
sitivities are calculated as follows.?! The derivative of Eq. (10)

is taken with respect to parameter p (which can be a structural
sizing, nonstructural mass, or controller gain variable) giving

Mo IM*1{$)r + (NM*1,, +[K*1,,) (812

+ (NM*1+[K*)) {¢)r,, =0 (13)

By premultiplying by {¢}7 and using Egs. (11) and (12), Eq.
(13) can be solved for A, ,:

Ny = = (B)T (M1, + [K*1,,) (61 (14)

Since they are complex, {¢} and [K*] can be written as

(6) = (&) +ild) T
and
[K*] = [KX] + i[KX] (16)
where
—[M] [0}
K* =1}
(K71 [ [0] [KA]] an
and
[0 [0
K* = 1
&7 [[0] ’Y[KJ {18y

Substituting these and the equation for the complex eigenvalue
[Eq. (1)] into Eq. (14) gives

)\’p == {¢r + l¢l }[[(U[M*‘]’P + [K’*]’P)

+i(0alM*),p + 1K) | {6, + i1 )r (19)
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The complex eigenvalue can also be broken into its real and
imaginary parts [Eq. (1)]. The sensitivity of the complex eigen-
value is then

Np=0,, +iwgp (20)
Splitting Eq. (19) into its real and imaginary parts gives
0p = — (&)1 (olM*],, + [KM,,) {9r Jr
+ {617 (@al M*1,, + (KA, ) (1)
+ (6] (cIM*],, +[KX),,) (i )r
+ (&)L (walM*1,p + [K¥1,5) (91 ) (3))
which is the sensitivity of the real part (damping) and

wap = = {611 (0alM*],, +[KH,,) ($r )R

— {811 (oIM*1,, + [K*1,,) (i )

+ (0] (wal M*1,, + [KH,,) (i )R

— ()7 (olM*), , + (K1) () @2
which is the sensitivity of the imaginary part (damped fre-
quency). The formula for the sensitivity of the damping ratio,
whicl; is formed by taking the derivative of Eq. (2) with respect
topis

Wi Wd,p —Wg°,p)

€p= (6% +a2)Y? 23)
Optimization Procedure
The optimization problem is stated as
Minimize M(p) (24)
or
Minimize Y, F;(p) (25)
i
subject to behavior constraints
&(p)=0, jeJ (26)
and side constraints
pispespl, keK @7

where M is the mass, F; denotes the control force of control-
ler i, p is the vector of design variables, and g;(p) represents
the jth behavior constraint. The design variables can be con-
troller gains, cross-sectional dimensions of structural ele-
ments, and nonstructural masses. The available mix of con-
straint options includes dynamic displacement amplitudes,
controller forces, total control force, structural mass, natural
frequencies, damped frequencies, damping ratios, and real
parts of the complex eigenvalues.

Formulating design optimization tasks as nonlinear pro-
gramming problems (NLP) is attractive because it allows
simultaneous consideration of many different kinds of con-
straints. The primary difficulty with this approach is that di-
rect application of nonlinear programming algorithms usually
requires a large number of analyses to converge the search for
an optimum point in the design space. This difficulty led to the
introduction of the approximation concepts method?? in which
the original implicit NLP design problem statement is replaced
by a sequence of algebraically explicit approximate design op-
timization problems. Each of these approximate design opti-
mization problems can be easily solved using well-established
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mathematical programming algorithms. The approximation
concepts method has been found to be very effective in the
context of structural synthesis and, as shown in Ref. 3, it can
also be applied to the simultaneous design of a structure and
its control system.

In the work reported here, the approximation concepts
methods used in Ref. 3 are extended to control-augmented
structural synthesis problems involving noncollocated sensor-
actuator pairs and dynamic stability constraints. In each de-
sign iteration, dynamic response and real and complex eigen-
value analyses are performed to determine constraint and
objective function values for the current base design. Sensitiv-
ity analysis is then carried out to evaluate gradients of the
active and potentially active constraints with respect to the
design variables. The gradient of the objective function with
respect to the design variables is also evaluated at the current
base design.

The values of the objective function and the constraints
along with their gradients are used to construct an explicit
optimization problem that approximates the actual synthesis
problem. In this work, hybrid approximations, introduced in
Ref. 23, of the form

ag;(
g(P)=g(po)+ X —517_0) Cy=0 (28)
k Dr
where
.. 0g;
Gy = (e —po) it P 5 @9
Dk
or

Cui = —(MZ[G)—(%)] it 22 oo )
k. ok dpx

are used. The objective function is also approximated in this
manner. It should be noted that design variables that can take
on negative values (e.g., position and velocity gains H, and
H,) are treated using a shift of origin so that the foregoing
approximation does not exhibit a discontinuity when various
H, or H, pass through zero. The approximate problem is
an explicit, separable, and convex inequality constrained prob-
lem that can be solved using a nonlinear inequality constrained
minimization technique. The algorithm used in this work is
the method of feasible directions as implemented in the
CONMIN?* optimization program. CONMIN solves the ap-
proximate problem and gives a new list of values for the design
variables. These new values are used as the base point design
for the next iteration. The procedure terminates on a diminish-
ing-returns convergence criterion with respect to the objective
function, namely when the relative change of the objective
function values for three consecutive iterations is less than a
prescribed value.

Examples
Cantilever Beam

A simple example that highlights the effects of noncollo-
cated controllers on a structure is a cantilever beam that has
controllers located at the tip and at the midspan. The thin-
walled box beam is described in Fig. 1. There is a 200-kg
nonstructural mass located at the center of the beam. One
controller senses position and velocity at the tip and produces
a force at the midspan while the other controller senses at the
midspan and forces at the tip (Fig. 1). A sinusoidal force of
4000 N at 3.9 Hz is applied to the tip of the beam and the
steady-state dynamic displacement of the tip is constrained to
be less than 10 cm. The control force is constrained to be less
than 800 N for each controller and less than 1400 N in total.
The first open-loop frequency is constrained to be above 4.5
Hz. The mass of the beam is minimized subject to the above
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constraints. Structural sizing variables (¢,%) and controller
gains (Hj1, H,1, Hpa, Hyy) are the design variables. Structural
damping is included in the analysis.

If structural damping is not included, approximately one
half of the modes will always be unstable due to the crossed
controllers. About one half of the modes have displacements
and velocities that are in the same direction at the tip and
midspan while the others have displacements in opposite direc-
tions. This causes approximately half of the modes to become
unstable when the other half are controlled. To make all the
modes stable, more controllers or a different controller config-
uration would have to be used. The inclusion of structural
damping has a more pronounced effect on the stability of the
higher frequency modes. For this example, most of the results
have been obtained assuming 2% structural damping.

The crossing of the controllers causes the first mode to be
excited when the second is being controlled and the second to
be excited when the first is being controlled. As the design is
being optimized either of the modes can be the most unstable.
The constraints on the stability of both modes should always
be retained to avoid constraint cycling that occurs when the
design changes to stabilize one mode and causes the other,
unretained mode to become unstable. An iteration history of
the stability constraint. (oys = —0.2 rad/s) and unconstrained
designs is shown in Fig. 2.

If an upper limit is placed on the gains of the controllers,
then the structure is forced to change to provide additional
stability in the design. This is shown in Fig. 3. Note that large
percentage changes in —oyg, the damping requirement, lead
to only small increases in optimum mass.?

If the design is held fixed, except for the controller velocity
gains, then there is a limit on the amount of stability that can
be obtained for the first two modes. This is because controlling
the first mode destabilizes the second. Figure 4 is a graph of the
tip controller velocity gain H,, plotted against the midspan
controller velocity gain H,,. There are two families of curves
on the graph. One represents the stability of the first mode
while the other represents the stability of the second mode.
This graph shows that as the gains are increased, the first mode
becomes more stable and the second becomes more unstable.
The limit on the stability that can be attained for both modes
simultaneously is o= —0.78 rad/s.

The limit on the amount of stability that can be obtained
varies with the amount of structural damping in the system. If
there is no structural damping in the system, then both modes
cannot be stabilized simultaneously. As structural damping is
increased, the amount of attainable stability is increased. Fig-
ure 5 is a plot of the maximum attainable stability of the first
two modes vs the amount of structural damping. Note that this
is a linear relationship. This is because the amount of damping
in each mode, assuming no controller damping, is propor-
tional to the amount of structural damping in the system.

Q Sensor
D Actuator

o
O— 0
> -

l 5

ke

p = 2768 x 107 kefem®
3 th E = 710 x 10° Ntem?
W I = 1000 cm
P = 4000 Ntat3.9 Hz
ty h = 40cm

Fig. 1 Cantilever beam description.
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Fig. 4 Stability as a function of gain.

When there is no damping from the control system, the value
of the damping ratio for every mode is twice the value of the
structural damping. When damping from the control system is
added, the amount of damping in each mode can change but

structure lead to large increases in stability, and there is
an upper limit on the stability that can be obtained for the
structure.

Draper/Rocket Propulsion Labororatory (RPL) Structure

The Draper/RPL structure consists of a massive central hub
surrounded by four flexible appendages that have nonstruc-
tural mass attached to their free ends (see Fig. 6).!¢ The entire
structure is free to rotate about the central axis of the hub.
Table 1 lists the important parameters. Due to symmetry, only
half of the structure needs to be modeled for analysis pur-
poses. The analysis model is shown in Fig. 7. There are four
sensors on each arm at radial positions of r =24 in. for sensors
2 and 6, r =36 in. for sensors 3 and 7, r =43.6 in. for sensors
4 and 8, and r =55.2 in. for sensors 5 and 9. These sensors
measure displacement and velocity in the circumferential di-
rection. There is an additional rotational position and velocity
sensor located at the axis of the hub. There are three actuators
that apply torques to the structure. Actuator 1 is located at the
axis of the hub, and actuators 2 and 3 are located at r =36 in.
on arms 1 and 2, respectively. Twenty-one controllers, with
sensor-actuator pairs defined in Table 2, will be used to control
the structure. The controller and actuator configuration is the
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Fig. 5 Maximum stability of first two modes vs structural damping.

Table 1 Draper/RPL dimensions

12 in.

1152 stug-in.2
0.003021 slug/in.3
1.1 %107 Ib/in.2

Hub radius, R

Rotary inertia of hub
Mass density of beams
Elastic modulus of arms

Arm thickness, ¢ 0.125 in.
Arm height, & 6.0 in.
Arm length, / 48 in.

Tip mass
Rotary inertia of tip masses about their axis
Structural damping

0.156941 slug
0.2592 slug/in.2
0.1%

Table 2 Controller sensor-actuator definitions

Sensor
Actuators 1 2 3 4 5 6 7 8 9
1 1 4 — 5 — 2 — 3 —
2 — 18 19 20 21 14 15 16 17
3 — 10 11 12 13 6 7 8 9

same on opposing arms. Each arm of the structure is modeled
with five beam-type finite elements. The finite element nodes
are located at the edge of the hub, at each sensor location, and
at the tip mass.

The first nine open-loop frequencies of the structure, based
on the finite element method analysis with 25 degrees of free-
dom, are 0.0, 0.70, 1.26, 8.18, 8.40, 24.87, 25.00, 47.65, and
47.74 Hz, respectively. The first frequency corresponds to a
rigid body mode of the structure rotating about its hub axis.
Note that the next eight frequencies occur in four closely
spaced pairs.

Case 1

For this example the total control force, as defined in Eq.
(25), is minimized subject to constraints on the closed-loop
complex eigenvalues and a dynamic displacement caused by a
720 in.-lb torque at 3.0 Hz applied at the hub axis of the
structure. The dynamic displacement of the tip of arm 2, and
its opposing arm, are constrained to be less than 1.0 in. The
damped frequency of mode one is constrained to be above 0.3
Hz, and the damping ratios for the first nine modes are con-
strained as follows: above 0.03 for modes 1-3, above 0.01 for
modes 4-5, above 0.002 for modes 6-7, and above 0.0015 for
modes 8-9. :

The initial gains are H, = 10.0 1b-in./rad and H, = 1.0 Ib-in.-
s/rad for controller 1 and H,=1.0 1b and H, =1.0 lb-s for

Rotational
Inertia
Axis for
Tip Mass

(O Sensor
Os, |:] Actuator
. Tip Mass
Ay [ Ss
(S Sy
line of
symmetry
N \\/“
A N A1 55 S7 Ss S9
as J—o—0—0—0e
AN A
N 3 Arm 2

Fig. 7 Draper/RPL analysis model.

controllers 2-21. The initial and final values of the constrained
parameters are shown in Table 3, and the initial and final
controller torques are shown in Table 4. It is observed that the
control effort has been reduced from an initial value of 214.22
in.-Ib to a final value of 13.44 in.-Ib and that 5 of the 11
constraints are active in the final configuration.
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Table 3 Constraint parameters: effort minimization

Constraint Initial Final value

625

Constraint value value Case 1 Case2 - Case 3
3} 0.03 0.012 -0.118 0.055 0.070
£ 0.03 0.0005 0.0302 0.0302 0.0302
£3 - 0.03 0.0013 0.0302 0.0302 0.0302
£4 0.01 0.0005 0.0102 0.0102 0.0102
s 0.01 0.0005 0.022 0.021 0.021
& 0.002 0.0005 0.013 0.026 0.029
Eq 0.002 0.0005 0.068 0.044 0.044
£g 0.0015 0.0005 0.00162 0.00152 0.0017
&y 0.0015 0.0005 0.00152 0.00152 0.00152
wd,, Hz 0.30 0.0301 0.322 0.328 0.330
XTip, in. b 0.133 (0.1)*0.130 (0.1)2 0.0992 (0.1)b 0.0982

aActive constraint. ®Values in parentheses are tip displacement limits.

Table 4 Initial and final controller torques

Table 6 Constraint parameters: mass minimization

Final
Controller Initial Case 1 Case 2 Case 3 Case 4

1 0.48 0.23 0.15 0.22 0.46
2 8.25 0.06 0.03 0.01 0.58
3 4.50 0.35 0.01 0.05 2.50
4 8.24 0.01 0.03 0.01 0.20
5 4.50 0.00 0.01 0.00 2.45
6 8.25 1.08 1.75 2.24 1.2}
7 7.54 0.20 2.37 2.43 1.01
8 4.50 2.62 3.02 2.42 1.42
9 0.00 0.06 0.26 0.25 0.92
10 8.24 0.02 0.12 0.05 2.47
11 7.54 0.01 0.07 0.11 2.48
12 4.50 0.00 0.06 0.09 2.34
13 0.00 0.01 0.01 0.03 2.50
14 8.25 0.30 0.04 0.22 1.11
15 7.54 0.57 0.02 0.34 1.80
16 4.50 0.54 0.03 0.30 0.84
17 0.00 0.07 0.26 0.41 2.47
18 8.24 0.25 0.02 0.00 0.13
19 7.54 0.01 0.02 0.00 2.28
20 4.50 0.33 1.13 1.29 0.15
21 0.00 0.00 0.00 0.01 0.73
Total controller 214,22 13.44 18.82 20.96 60.10

force (in.-1b)

Table 5 Gains for case 3

Controller H, (Ib?) H, (Ib/sb)
1 9.625 0.123
2 —0.001 0.001
3 0.218 —0.001
4 0.032 0.000
5 0.005 0.001
6 4.541 —0.124
7 5.935 0.091
8 9.017 0.263
9 3.205 0.639

10 —0.104 0.003
11 —-0.274 0.003
12 —0.350 0.007
13 —0.015 0.272
14 0.499 —-0.004
15 0.842 —0.009
16 1.241 —0.016
17 1.506 1.110
18 —0.001 —0.001
19 —0.001 0.000
20 0.002 —-0.290
21 - 0.357 0.126

2Except controller 1, which is in.-lb/rad.
bExcept controller 1, which is in.-Ib-s/rad.

Constraint Initial Final
Constraint value value value
13 0.030 0.012 0.051
& 0.030 0.0015 0.032
£ ‘ 0.030 0.0023 0.0303
&4 0.010 0.0015 0.014
&s 0.010 0.0015 0.012
113 0.002 0.0015 0.0027
& 0.002 0.0015 0.0471
s 0.0015 0.0015 0.0026
& 0.0015 0.0013 0.00152
wq1, Hz 0.0477 0.0387 0.1615
wg2, Hz 0.7161 0.6958 0.71612
wg3, Hz 1.321 1.260 1.3212
XTip 1, iN. 0.1 0.133 0.0992
XTip 2, iD. 0.1 0.133 0.0972
Control force (in.-1b) 60.0 570.1 60.12

2Active constraint.

Case 2

This is the same as case 1 except that the tip displacement of
arm 2 has now been constrained to be less than 0.1 in. This
causes a 40% increase in the amount of controller force needed
to satisfy the constraints. Controllers 6, 7, 8, and 20 exhibit the
largest increases in control effort (see Table 4).

Case 3

This is the same as case 2 except that the control effort of
each controller has been limited to 2.5 in.-lb. This causes a
10% increase in total control effort. The final gain values for
this case are shown in Table 5.

In summary, these first three cases show that tighter con-
straints on dynamic displacements lead to an increase in con-
trol force and that an upper bound on individual controller
force causes an increase in total control force. As one would
expect, the tip displacement and several damping ratio con-
straints become active as the total control force is minimized.

Case 4: Mass Minimization

In this case the mass of the structure will be the objective
function to be minimized. The thickness of the 10 beam ele-
ments and 2 tip masses will be included with the controller
gains as design variables. The dynamic displacements of the
tips of both arms are constrained to be less than 0.1 in. The
previous damping ratio constraints and lower-bound con-
straints on the first three damped frequencies of 0.0477,
0.7162, and 1.321 Hz, respectively, are also included. The total
control effort is constrained to be less than 60.0 in.-1b. These
constraints are summarized in Table 6. The maximum allowa-
ble torque for any single controller is constrained to be below
2.5 in.-1b. The structural damping for this case is 0.3%. In this
example 54 design variables and 36 constraints are considered.
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Table 7 Initial and final structural parameters

Parameter Initial Final

Arm 1 Hub 1 in. 0.1250 0.1005
t 0.1250 0.1066

F ) 0.1250 0.1142

ty 0.1250 0.1087

Tip ts 0.1250 0.1198

Arm 2 Hub t6 in. 0.1250 0.1009
t7 0.1250 0.1025

3 0.1250 0.1117

ty 0.1250 0.1056

Tip tio 0.1250 0.1092
M (slug) 0.156941 0.12002

I (slug-in.2)  0.2592 0.2664

M; (slug) 0.156941 0.12002

b (slug-in.2)  0.2592 0.2592

Mass 1.063 0.852

2 At lower bound.

Convergence of 0.1% is achieved in 24 iterations. The initial
and final structural parameters are shown in Table 7, and the
initial and final constraint values are shown in Table 6. Con-
trollers 3, 5, 10, 11, 13, and 17 have control torques that are
at the upper limit (see Table 4).

This case shows that the mass of a structure can be effec-
tively minimized while the control system gains are simulta-
neously being changed to satisfy complex eigenvalue and har-
monic dynamic displacement constraints.

Conclusions

The characteristics of a noncollocated control system must
be kept in mind when trying to simultaneously synthesize a
structure and its control system. Since controllability is not
guaranteed, it may not be possible to achieve the required
amount of damping in a structure with a given controller con-
figuration. It is helpful to include the structure’s inherent
damping, if it can be conservatively characterized, in the anal-
ysis as it will tend to stabilize the higher frequency modes.
Since these modes are harder to control, when only a limited
number of actuators can be used, the inclusion of inherent
damping is desirable.

The dynamic stability of a structure can be very sensitive to
its mass. This suggests that further work should be done to
examine the robustness of a control system that has been syn-
thesized while the mass of the structure is being minimized.

The last example (case 4) shows that this extension of the
control-augmented structural synthesis approach can effec-
tively handle a diverse mix of constraints including closed-loop
eigenvalues, direct limits on controller forces, total control
force, and specific response quantities (e.g., peak displace-
ments at prespecified locations). Natural frequency as well as
static stress and displacement constraints can also be included.
This work shows that the approximation concepts approach
can be extended to efficiently solve control-augmented struc-
tural synthesis problems that require inclusion of dynamic
stability constraints.
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